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Abstract: New results in processes with an underlying quark transition b → s`+`− have been
recently reported by the LHCb and Belle II collaborations. In this note we show how the main
implications of a handful of new measurements can be understood with the tools introduced in our
recent paper, arXiv:1811.10793, without the need to redo the global fits. We find that the main impact
of the new results, due to R
[1.1,6]
K from LHCb, is a decrease in C
NP
10µ with a reduced uncertainty. We
validate this conclusion by presenting the result of a new global fit.
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Processes with an underlying quark transition b→ s`+`− have shown deviations from the SM
for several years now. The most interesting ones from the point of view of establishing evidence
for new physics are the ratios RK and RK? which test lepton universality. In addition, a collection
of results for branching ratios and details of the angular distributions, such as P ′5, are known to
deviate from the SM coherently, resulting in global fits that consistently disfavor the SM by up to 5
standard deviations. In a recent paper [1], we have studied in detail one such six-dimensional global
fit to the Wilson coefficients Ci` (i = 7
(′), 9(
′), 10(
′), ` = µ) [2] (with values of observables updated
to January 2019), introducing metrics that quantify the effect of the individual observables on the
global fit.
Some of the measurements included in the fit have since been updated and a few different, but
related ones, presented. In this note we study the effect of these new results on the global fits
with the framework developed in [1], and without performing a new global fit. With this exercise
we illustrate the usefulness of the tools introduced in [1] to assess the impact of a handful of new
measurements on an existing global fit. We show that these methods suffice to understand the
overall picture rapidly. The conclusions of this analysis are validated against the results of an
updated global fit.
1 New results reported in 2019
We collect here the results that have appeared recently. Two of them correspond to two of the
observables already included in the global fit studied in [2], R
[1.1,6]
K (LHCb) and B(Bs → µ+µ−).
• The LHCb collaboration announced a new measurement of RK [3] using part of the full
Run-2 data set. A combination of the former Run-1 measurement and the new value yields
the following average
R
[1.1,6]
K =
B(B → Kµ+µ−)
B(B → Ke+e−) = 0.846
+0.060+0.016
−0.054−0.014 (0.745± 0.097). (1)
In parenthesis we quote the previous result [4] as was used in [1]. The errors are combined
in quadrature and the larger one is chosen for asymmetric cases following the practice used
in the global fit [5].
As pointed out by the LHCb collaboration, the new central value moves closer to the standard
model prediction but the error is reduced in such a way that there is little change in the
significance of the result, 2.5σ instead of the previous 2.6σ below the SM.
• The Belle collaboration has new results for RK? combining the data from charged and neutral
channels [6]:
R
[0.045,1.1]
K? = 0.52
+0.36
−0.26 ± 0.05 (0.66± 0.11)
R
[1.1,6]
K? = 0.96
+0.45
−0.29 ± 0.11 (0.69± 0.12)
R
[15,19]
K? = 1.18
+0.52
−0.32 ± 0.10 (2)
The first two of these measurements, R
[0.045,1.1]
K? and R
[1.1,6]
K? , are similar to the corresponding
LHCb measurements used in the 2017 fit (and quoted in parenthesis for comparison), but they
differ in that the LHCb measured RK∗ in the B → K0∗ channel whereas Belle measured an
1
isospin average of the neutral B → K0∗ and charged B → K+∗ channels. Additional results
were given for R
[0.1,8]
K? and R
[0.045,]
K? , but they will not be used due to difficulties in treating
the theoretical errors.
• A combination of the new ATLAS result for the branching ratio of the leptonic decay Bs →
µ+µ− with previous CMS and LHCb numbers was carried out in Refs. [7] and [8], with
similar results. We quote the first one for definiteness, and again list the previous result in
parenthesis,
109 × B(Bs → µ+µ−) = 2.65+0.43−0.39 (3.0± 0.67). (3)
These combinations are based on a composition of the experimental two-dimensional likeli-
hoods without accounting for the asymmetries in parameter space caused by the fact that
both ATLAS and LHCb have only been able to provide upper bounds on B(B0 → µ+µ−).
The same combination but using a naive weighted average was performed by Ref. [9] and
leads to a rather different conclusion so we list it separately,
109 × B(Bs → µ+µ−) = 2.94± 0.43 (3.0± 0.67). (4)
• Very recently, the Belle collaboration [10] also released new measurements of RK using the
full Belle data sample of 711 fb−1, superseding their previous analysis of a 605 fb−1 sample:
R
[1,6]
K = 0.98
+0.27
−0.23 ± 0.06
R14.18<q
2
K = 1.11
+0.29
−0.26 ± 0.07 (5)
We do not use the other q2 ranges quoted by Belle following Ref. [9].
2 Pull
The Pull assesses the differences between the theory predictions T for a given point in parameter
space (e.g. the SM or the BF point) and the measurements (observed value O). The metric can
be further quantified by noting that the sum of the squares of the Pull is a proxy for the total
chi-squared of the BF in the absence of correlations, χ2NC . In the global fit studied in [1],
χ2NC =
∑
i
Pull(BF)2i =
∑
i
 (TBF,i −Oi)√
∆2exp,i + ∆
2
BF,i
2 = 119. (6)
Here ∆exp,i is the experimental error of observable i and ∆BF,i the corresponding theory error as
evaluated at the BF point. The contributions to this number from the two updated observables
as used in [1], along with their new values are listed below. For the second one we give two results
as per Eqs. 3 and 4 respectively.
Pull(BF)2
R
[1.1,6]
K
= 0.13
new−−→ 1.11
Pull(BF)2B(Bs→µ+µ−) = 0.002
new−−→
0.66 [7, 8]0.03 [9] (7)
2
The changes in these two observables would increase the χ2 of the previous best fit point by
1.7 (taking the larger number for the second one), roughly 0.07σ and thus a negligible effect.
Similarly, the Pulls for the new measurements (calculated with the old best fit) are presented
in Table 1. These results show moderate Pull values1 indicating that the BF point found in the
Table 1: Square of the Pull(BF) for new results not present in the previous global fit
ID R
[0.045,1.1]
K? R
[1.1,6]
K? R
[15,19]
K? R
[1,6]
K R
14.18<q2
K
(TBF,i−Oi)2
∆2exp,i+∆
2
BF,i
0.85 0.24 0.45 0.52 1.18
original fit still provides a good description of the new measurements, with the possible exception
of R14.18<q
2
K , which we discuss below.
As a consequence we expect that the BF point in an updated fit will not change significantly,
and the approximation established in [1] may be used to gain additional insights as demonstrated
in the next section. This conclusion is corroborated by a new fit we present in the last section.
3 Variation in the fit
In [1] we established a framework for the discussion of single observables in the context of the
full fit which can be directly extended to new measurements. The description is based on the
uncertainty in the fit and consists of comparing the predictions at the best fit point to those on the
envelope of the six-dimensional one-sigma region. We use the Hessian approximation to describe
this envelope as the set of twelve points defined by the intersections of the 1σ ellipsoid with its
principal axes. The axes are determined through singular value decomposition of the Hessian
matrix at the global minimum of the χ2 function, and we thus refer to the points as the SVD
points. Because of correlations in the parameter space, the SVD directions do not correspond to
single Wilson coefficients, the relation can be read off Table 2 of [1] and the SVD parameter points
are listed in Table 9 of the same reference. When correlations are ignored, there are twelve residual
responses δj±i per observable i, one for each SVD point (j±). They are calculated as
δj±i =
(T j±i − TBF,i)√
∆2exp,i + ∆
2
BF,i
. (8)
While correlations were found to play an important role in evaluating single observables in the
context of the fit, we do not include them in this analysis. This is justified for two reasons:
the observables of primary interest, R
[1.1,6]
K and B(Bs → µ+µ−), were found not to be sensitive to
correlation effects;2 in addition, including correlations is challenging in studies of single observables.
To quantify the discussion we note that values of δi near one correspond to a variation of one
standard deviation in observable i as measured by the total uncorrelated error. Using this as a
guideline, we find that R
[1.1,6]
K (LHCb) and B(Bs → µ+µ−) are the only new results that produce
large residual responses, and never for directions 1± or 2±.3 The potentially interesting residual
1Recall that the largest Pull values for observables included in the fit were found to be larger than 2 [1].
2This is by construction for B(Bs → µ+µ−).
3These two directions were shown to be very tightly constrained through other observables [1], leaving little room
for variations in their predictions.
3
responses are collected in Table 2, which shows the numbers previously obtained from the global fit
(first column) as well as their corresponding updates (second column). Since the residual response
does not depend on the central value of the measurement, both Eq. 3 and Eq. 4 give the same
results in this case.
Table 2: Values of δi± for R[1.1,6]K and B(Bs → µ+µ−). The numbers obtained from the 2017 global
fit are shown in the first column and their corresponding updates in the second one.
ID R
[1.1,6]
K B(Bs → µ+µ−)
δ3+ -0.87 -1.35 0.92 1.27
δ3− 0.92 1.44 -0.83 -1.14
δ4+ -1.53 -2.39 -0.72 -0.99
δ4− 1.69 2.65 0.78 1.08
δ5+ 0.37 0.58 0.09 0.13
δ5− -0.23 -0.35 -0.09 -0.12
δ6+ 1.19 1.86 0.98 1.35
δ6− 0.53 0.82 -0.88 -1.21
Note here that the updated residual responses can be obtained from the previous ones by a
simple rescaling because the measured value of the observable does not enter their computation.
The residual responses are only concerned with the variation in the prediction within 1σ of the BF
point. The rescaling is due to the total uncorrelated error in the normalization. Since observables
R
[1.1,6]
K and B(Bs → µ+µ−) have reduced experimental errors, there is an overall increase in their
residual responses. For example the total error in R
[1.1,6]
K (LHCb) is dominated by the experimental
error, and thus all its residual responses will be increased by a factor of ∆oldexp/∆
new
exp ≈ 1.6.4
The fact that no large residual responses show up for any of the new measurements of RK,K?
by Belle, follows mostly from their large experimental uncertainties. The case of R14.18<q
2
K , which
has a large Pull, but small residual responses is interesting. Whereas it does not affect the global
fit significantly (small residual response), it is clearly outside the fit uncertainty (large Pull).
Note however, that it is in agreement with the SM which also falls outside the fit uncertainty.
This example illustrates how a combined study of Pulls and residual responses can be used to
systematically assess whether a new measurement is statistically consistent with the rest of the
set. In case of much larger Pulls than those observed for the measurements reported here this
could be used as a criterion for excluding certain observables from the fit.
On the other hand, the new measurements of R
[1.1,6]
K and B(Bs → µ+µ−) are expected to
provide new constraints on the fit. Table 2 shows that R
[1.1,6]
K had already been singled out as
providing important constraints to directions 4±, 6+, and to a lesser extent also to directions 3±
(just below the arbitrary cutoff of 1 used in [1]). The table also shows that the new measurements
result in notable increases in the residual response for all directions, and that values of δ±3 are
now also above the cutoff. B(Bs → µ+µ−) had large (but below our cutoff) values of δ3±,4±,6±
and now exceeds the cutoff in all these cases. We therefore expect the new result to reduce the fit
4The situation is of course different in the case of an entirely new observable (one that is not in the fit), as
discussed for the Q observables in [1].
4
uncertainties in these directions, especially along direction 4.
In Table 3 we show the squares of the residual responses for R
[1.1,6]
K and B(Bs → µ+µ−) to
quantify the importance of the new results in comparison to other observables entering the fit.
The first row in each case reproduces the previous values and the updated numbers are shown in
the second row. For comparison, the last row reproduces the value of this metric for the most
important observable for each direction in the previous global fit [1], along with its corresponding
ID. Since this metric is larger for the new measurements than for the previous most important
observable, we conclude that the former will provide the dominant constraint in most directions.
The notable exception being direction 5, which corresponds mostly to CNP9µ . This is not surprising,
as this direction was found to get similar cumulative constraints from multiple angular observables
instead of being dominated by a single one. At first glance, direction 6− also appears to be
an exception, but this is one example where correlations are expected to have large effects. In
particular, observable 68 is highly sensitive to such effects and is not in the top five for direction
6− when correlations are included [1]. For this reason, the updated measurement of B(Bs → µ+µ−)
is likely the dominant constraint on direction 6− as well.
Table 3: Values of δ2i for R
[1.1,6]
K (LHCb) and B(Bs → µ+µ−). Their previous numbers are shown
in the first row and the updated ones in the second row. The largest δ2i in the global fit along
with its ID (in parenthesis) for each direction is shown in the last row for comparison. The
relevant IDs are P2(B → K∗µµ)[6 − 8] LHCb (49) [11], P2(B → K∗µµ)[15 − 19] LHCb (57) [11],
Br(B0 → K0∗µµ)[15− 19] LHCb (68) [12], R[1.1,6]K LHCb (98) [4] and Br(Bs → µµ) (172) [13].
ID |δ3+|2 |δ3−|2 |δ4+|2 |δ4−|2 |δ5+|2 |δ5−|2 |δ6+|2 |δ6−|2
98 0.76 0.85 2.30 2.90 0.14 0.05 1.40 0.28
1.80 2.10 5.70 7.00 0.34 0.12 3.50 0.67
172 0.85 0.69 0.52 0.61 0.01 0.01 0.96 0.77
1.60 1.30 0.98 1.20 0.02 0.01 1.80 1.50
|δ|2max 1.0 (68) 0.9 (57) 2.3 (98) 2.9 (98) 0.9 (57) 0.6 (49) 1.4 (98) 2.0 (68)
In Figure 1 we compare the uncertainties for R
[1.1,6]
K , B(Bs → µ+µ−) and R14.18<q
2
K . The black
(blue) lines illustrate the previous and updated measurements respectively (there is no previous
measurement for R14.18<q
2
K ). These are to be compared with the SM prediction (green), the best
fit (brown) and the fit uncertainty (purple). We have also labeled the position of the predictions at
the SVD points that contribute the most to the fit uncertainty. The figure shows once more that
the new measurements are consistent with the existing fit. In addition, it shows which directions
in parameter space are preferred by the new measurements as explained below.
The full impact of the new measurements is obtained by studying Table 3 and Figure 1 at the
same time: the rankings indicate the importance of each observable in constraining the different
directions in parameter space, while the directional information in Figure 1 indicates which of
these directions are more consistent with the new results.
• R[1.1,6]K (LHCb) was already the most important observable for directions 4
±, 6+ as determined
by the rankings. With the reduced experimental errors of the new measurement, it becomes
the most important observable in directions 3± as well, and completely dominates 4±.
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Figure 1: Comparison of errors for observables R
[1.1,6]
K , B(Bs → µ+µ−) and R14.18<q
2
K . In black
(blue) the previous (new) measurement/average, in green the SM prediction, in brown the BF and
in purple the fit uncertainty.
Figure 1 shows that the shift in the measurement is most easily accommodated by moving
along direction 4− but may also be explained by moving along directions 6+, 3−.5
Interestingly both 6+ and 6− are on the same side of the BF point for this observable, con-
firming the behaviour already identified in Fig. 9 of [1] now for the updated value of R
[1.1,6]
K .
This is understood from theoretical expressions, which show the relevant contributions linear
in CNP10µ, C
NP
9′µ and C
NP
10′µ approximately cancelling, with the result now showing a dominant
quadratic dependence on the Wilson coefficients. This can be verified explicitly with the
approximation given in Eq. 3 of [9], which we find to be valid for the parameter points
considered here.
The newly found dominance in the rankings of R
[1.1,6]
K (LHCb) along direction 4 (mostly C
NP
10µ
and to lesser extent CNP9µ ), places it as the determining observable for 4
±, much in the same
way that B → Xsγ dominates directions 1±. We can also see that this new value of RK
shifts the fit away from the previous BF in the direction of the SM along direction 4 towards
4−, hence implying a decrease in CNP10µ. This specific observation is not possible without this
framework, and is corroborated by a new global fit as shown below.
• A shift towards 4− is also preferred by the new Belle measurement of R14.18<q
2
K . Fig. 1
illustrates why we find a large Pull but only small values of δ± for this observable. It also
shows that the measured central value cannot be accommodated within the 1σ region around
the BF point. A similar situation was previously observed for the LHCb measurement of
R
[0.045,1.1]
K? [14], as discussed in [1].
5Direction 4 has the largest residual response, implying that a given shift in the prediction will result in the
minimal increase in the overall χ2 when it follows from changing the parameters along that direction. The required
shift in this case, if taken along direction 3− for example, requires a displacement of almost 1σ from the BF point.
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• For B(Bs → µ+µ−) the interpretation depends on the prescription used for updating the
central value. Following the result quoted in Eq. 3, we see that the new central value suggests
a shift towards 6− and/or 3−, whereas the central value quoted in Eq. 4 is aligned with the
previous BF and results in a negligible Pull.
Note that Eq. 4 is used in the validation fit presented in Section 4, and therefore the updated
results for B(Bs → µ+µ−) are expected to be reflected only in reduced fit uncertainty, without
a shift in the BF point. Using Eq. 3 instead, would likely result in an additional shift in the
BF. The rankings presented in Table 3 suggest in this case that the effect is much smaller
than the one R
[1.1,6]
K has on direction 4
−.
4 Validation
The purpose of this note is to show the usefulness of the tools introduced in Ref. [1] for assessing
changes and/or additions to the observables in a global fit without the need to redo it. The main
results found with this approach are that the updated measurement of R
[1.1,6]
K is the most relevant
for the global fit; that we expect reduced fit uncertainties in most directions of parameter space;
and that the BF point is changed along direction 4− towards a smaller value of CNP10µ.
To validate our results, we have redone the global fit including the new results detailed in
Section 1, obtaining a BF point with ∆χ2 = 39.1 with respect to the SM, or 5.0σ away. This is to
be compared with the previous BF point with ∆χ2 = 39.9 with respect to the SM, or 5.1σ away.
This change in ∆χ2 validates our use of χ2NC as a proxy in Section 2. The Wilson coefficients at
the old/new BF points were/are:
CNP7 = 0
new BF−−−−−→ 0.01, CNP7′ = 0.02 new BF−−−−−→ 0.02,
CNP9µ = −1.06 new BF−−−−−→ −1.13, CNP9′µ = 0.37 new BF−−−−−→ 0.44,
CNP10µ = 0.34
new BF−−−−−→ 0.14, CNP10′µ = −0.04 new BF−−−−−→ −0.12 . (9)
The only significant change (when comparing to the profiled 1σ interval) is observed in CNP10µ
which decreases in the new fit.
We can further test our predictions by considering the SVD basis instead, where the old/new
BF points are
v1 = −0.030 new BF−−−−−→ −0.025, v2 = −0.016 new BF−−−−−→ −0.018,
v3 = 0.011
new BF−−−−−→ 0, v4 = 0.71 new BF−−−−−→ 0.55,
v5 = 0.87
new BF−−−−−→ 1.0, v6 = 0.35 new BF−−−−−→ 0.33 , (10)
with vi being the components of the BF point in the aforementioned basis. In this case we find
that in addition to the expected shift along direction 4 there is also some change along direction
5, while movement along all other directions is negligible. The change along direction 5 could not
be expected from our analysis, and can be understood as follows. As pointed out in [1] there is no
single measurement that is dominant in determining the BF point along this direction, which makes
it more sensitive to small changes in the χ2 function that cannot be predicted in this framework.
Figure 2 shows a detailed comparison of the old and new fit the CNP9µ −CNP10µ and CNP10µ −CNP10′µ
planes. Results from the old fit are shown in red, and the new fit is shown in blue. The red ◦
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(blue ×) marks the old (new) BF point. The contours show the 1σ region obtained in the Hessian
approximation where the full ellipse shows the profiled 1σ region while the outer ellipse is the
projection of the full 1σ region. The dashed lines show the projections of the most relevant SVD
directions with the direction of the arrow indicating movement away from the old BF as suggested
in the discussion. Note that the length of each dashed line is 2σ, as it connects the 2 SVD points
in each direction.
As seen from Eq. 10 the change in coefficients can be understood as a combination of shifts
along 4− and 5+. In addition we confirm that the most relevant reduction in the uncertainty is
found along direction 4 resulting in increased correlation between CNP9µ and C
NP
10µ.
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Figure 2: Comparing the old fit (blue) and new fit (red) in the CNP9µ −CNP10µ and CNP10µ−CNP10′µ planes.
The red ◦ (blue ×) marks the old (new) BF point. The contours show the 1σ region obtained
in the Hessian approximation where the full ellipse shows the profiled 1σ region while the outer
ellipse is the projection of the full 1σ region. The dashed lines show the projections of the most
relevant SVD directions with the direction of the arrow indicating movement away from the old
BF as suggested in the discussion.
5 Conclusions
We have studied the effect of measurements released after Moriond 2019 on the global fit of [2]
with the framework of [1]. We have found that none of these results affects direction 5 significantly
which means that CNP9µ is not affected. As this was the only coefficient required by the global fit
to differ from the SM by a large amount, we conclude that the new measurements do not alter the
observed evidence against the SM.
We have pinpointed the SVD directions most affected by these new results, finding they push
the global fit towards 4−. This corresponds to a decrease in CNP10µ , which is corroborated with a
new fit, Eq. 9. In addition our study suggests reduced uncertainty primarily along direction 4 as
confirmed in Fig. 2.
Our framework also predicts that the new value of B(Bs → µ+µ−), when treated as in Eq. 3,
would result in a further small shift in C10′ towards larger negative values. The validation fit,
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however, treats this observable as in Eq. 4 so it does not contain this effect. Both treatments of this
observable result in larger residual responses which contributes to the smaller overall uncertainty
in the fit.
The example of R
[14.18<q2]
K from Belle, in which the Pull is large but the residual responses are
small, suggests a systematic way to assess the consistency of specific measurements with the global
fit that could be used as a criterion for exclusion.
In conclusion we have demonstrated how the formalism developed in [1] can be used for a quick
evaluation of the impact of new measurements without performing a new global fit. We emphasise
that it provides a useful framework to share the results of a multivariate fit not limited to the
application presented here, and we encourage groups performing multidimensional global fits to
publish the Hessian approximation to enable more detailed follow-up studies without access to the
full fit. This is already common in the PDF community, and for example [15] published all residual
responses enabling the study presented in [16].
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